make Mp prime are 2, 3, 5, 7, 13, 17, 19, 31, 67, 127 and 257 2, 3, 5, 7, 13,17,19,31,61,89,107,127 Prime 11, 23, 29, 37, 41, 43, 47, 53, 59, 67, 71, 73, 79, 113 Composite and fully factored 151, 163, 173, 179, 181, 223, 233, 239, 251 Two or more prime factors found 83, 97, 131, 167, 191, 197, 211, 229 Only one prime factor known 101, 103, 109, 137, 139, 149, 157, 193, 199,227,241, Composite but no factor known 257 ' Lehmer, D. H., Jour. London Mlath. Soc., 9-10, 162-165 (1934Soc., 9-10, 162-165 ( -1935 In another paper1 the writer gave the relation r r a-1 Sn(m, k, a);
NEW TYPES OF CONGRUENCES INVOLVING BERNOULLI NUMBERS AND FERMAT'S QUOTIENT BY H. S. VANDIVER DEPARTMENT OF APPLIED MATHEMATICS, UNIVERSITY OF TEXAS
Communicated January 17, 1948 In another paper1 the writer gave the relation r r a-1 Sn(m, k, a);
(mb + k)n = zQ() (_1)ai _____a r > n;
where we define the Bernoulli numbers bn by means of the recursion formula (b + 1)" = bn; n > 1, the left-hand member being expanded in full and b3 substituted for bt, and the left-hand member of (1) is interpreted in the same way;
a-i S,(m, k, a) = Z (im + k)"; 00= 1, s =O m and k are any integers with m 5 0. In the present paper we shall employ (1) as well as other known relations to obtain various congruences. The principal results proved seem to be (5), (6b), (7) and (20).
By the well-known Bernoulli summation formula we also have
where Sn-,(k) = Sn-1(l1 0, k). Set in (1), r = p -1 we have, if n < p -1, p being an odd prime, P L a\ ( 1)G..Sf(m, k, a) (mb + k)n = (p)(_a a) (3) It is known that (p 1)=(_1)a(mod p), (3a) so that from (3) we obtain "S (m, k, a)( )(4 (mb + k) n _E S,m ,a (mod p). so that (4) may be written, n < p -1, Also, (5) gives for g any integer, 0 < g < p, for mg + k 0 0 (mod p), 
n=O which for g = 1 becomes2
bo + b +, + bp2--1 (mod p).
(6a)
Taking the relation (5a) for n = 0, 1, ..., p T 2 in turn introducing powers of the integers m, prime to p, similarly to the procedure in the proof of (5b) we obtain
n=O where am = g (mod p); a < p. Now take (5a) again and let p = 1 + cm and put n, n + c, .. ., n + (m -1)c, in turn in this congruence, and add, we obtain if n < c rn-i E bn+ c m Er"R,(mod p), (7) i=O r where r ranges over the distinct solutions in the set 1, 2, ..., p -1 of x' =_1 (mod p). The relation (7) Eq(a) _-2(mod p)
We now obtain another formula related to (5b). Employing' (relation We shall now modify some of the ideas in a certain proof3 of (8) to obtain new types of congruences involving the Bernoulli numbers and Fermat's quotient. We have4 pk =rk + Mm [0 < rk < m. and add these p -1 congruences, we obtain, if r < p, the symbol ' indicating summation over all the distinct mth roots of unity excepting unity, 
